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Proof by mathematical induction
Exercise A, Question 1

Question:

Prove by the method of mathematical induction, the following statememt¥far

N
> r=>n(n+1)
2

r=1

Solution:
1

n=1LHS =Y r=1
r=1

RHS = %(1)(2) =1

ASLHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk
K1
ie. > r=Zk(k+1).
r=1 2

With n = k+ 1terms the summation formula becomes:

k+1
S =1+2+3+=+k+(k+1)
r=1
1
= Sklk+ )+ (k+1)
:%m+nw+a
= %(k+l)(k+l+l)

Therefore, summation formula is true wheak + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is true for , itis now

also true for aln = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 2

Question:

Prove by the method of mathematical induction, the following statememt¥far

3-10204q)2

Ms>

r

ENE

1

r

Solution:

1
n=1;LHS = Y ri=1
r=1

1l 202 1,
RHS —Z(l) (2) _2(4)_1

ASLHS = RHS, the summation formula is true foe 1

Assume that the summation formula is truerferk
K 1
ie. Y r3= ZKk%(k+1)%
— 4
r=1
With n = k+ 1terms the summation formula becomes:

k+1
> r3 =B +2%4 334> 43+ (k+1)°
r=1

= %kz(k +1)2+(k+1)°

E N N e N e Y

(k+ 1)2[k2 +4(k+ 1)}

(k+ 1)4(K2 + 4k + 4)

(k+1)%(k+2)?

(k+1)%k+1+1)2

Therefore, summation formula is true wheak + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is tnue for , itis now

also true for aln = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 3

Question:

Prove by the method of mathematical induction, the following statememt¥far
d 1
Sr(r-1)= 5n(n+1)(n—1)
r=1
Solution:
1
n=1LHS = > r(r-1)=1(0)=0

r=1

RHS = %(1)(2)(0)= 0

ASLHS = RHS, the summation formula is true foe 1

Assume that the summation formula is truerferk
K 1
ie. Yr(r-1)= Sk 1)(k-1),
r=1

With n = k+ 1terms the summation formula becomes:

kilr(r ~1) =1(0)+2(1)+3(2)+ 2 +k(k-1) + (k+ 1)k
- :%k(k+ 1)(k-1) + (k+ 1)k

- %k(k+ 1[(k-1)+3]

- %k(k+ 1)(k+2)

- %(k+ D+ 2)k

- %(k+ D(k+ 1+ 1)(k+ 1-1)

Therefore, summation formula is true whenk + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is tnuse for , itis now

also true for aln = 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 4

Question:

Prove by the method of mathematical induction, the following statememtifar
(1x6) +(2x7)+ (3% 8)+ = +n(n+5) = %n(n+1)(n+8)

Solution:

n
The identity(1 x 6) + (2x 7) +(3x 8)+ = +(n+5) = %n(n +1)(n+8) can be rewritten a3 r(r +5) = %n(n +1)(n+8).

r=1
1
n=1;LHS = Y r(r+5)=1(6)=6
r=1
1 1
RHS = =(1)(2)(9)= =(18)=6
3 3
As LHS = RHS, the summation formula is true foe 1
Assume that the summation formula is truerferk
K 1
ie. > r(r+5) = Zk(k+1)(k+8).
r=1 3
With n = k + 1terms the summation formula becomes:
k+1
> r(r+5) =1(6)+2(7)+3(8)+ = +k(k +5)+ (k + 1)(k+6)
r=1
= %k(k+ 1)(k+8) + (k + 1)(k+ 6)
- %(k + D)k(k +8) + 3(k+6)]
_1 2
= 3(k+1>[k +8k+3k+18}
_1 2
=<+ 1)[k +11k+ 18}
=%w+nw+mw+a
= %(k+ 1)(k+2)(k+9)
= %(k+ 1)(k+1+1)(k+1+8)
Therefore, summation formula is true wheak + 1
If the summation formula is true far=k , then it is shown to be true for+ 1 . As the result is true for , itis now also

true for alln = 1andn 0 Z* by mathematical inductio
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Proof by mathematical induction
Exercise A, Question 5

Question:

Prove by the method of mathematical induction, the following statememt¥far

n
> r@Er-1)= n?(n+1)

r=1

Solution:
1

n=1LHS =Y r@r-1)=1(2)=2
r=1

RHS =2(2) = (1)(2)=2
ASLHS = RHS, the summation formula is true foe 1

Assume that the summation formula is truerferk

k
ie. Y r(3r-1) = k’(k + 1).
r=1

With n = k + 1terms the summation formula becomes:

kilr(Sr —1) =1(2)+2(5)+3(8)+ = +(3k - 1) + (k+ 1)(3(k+ 1) - 1)
r=1

=kqk+1)+(k+1)(K+3-1)

= k(k+ 1)+ (k+1)(3ZK+2)

=(k+ 1)[k2+3k+2}

=(k+1)(k+2)(k+1)

= (k+17k+2)

= (k+1)%(k+1+1)

Therefore, summation formula is true wheak + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is tnue for , itis now

also true for aln > 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 6

Question:

Prove by the method of mathematical induction, the following statememtifar

n
Y (r-17=
r=1

1

e 2_
3 n(4n<-1)

Solution:

1
n=LLHS = Y @r-17=¥=1
r=1

RHS = 1a)4-1)=1n)@)=1
3 3
ASLHS = RHS, the summation formula is true fore 1

Assume that the summation formula is truerferk

k
ie. Y (2r-1)°= @@= 1) = Lir+ 1)2k-1).
bt 3 3

With n = k+ 1terms the summation formula becomes:

k+1
Y @ -1 =12+ +54 2 +2k- 12+ (2(k+ 1) - 1)
r=1

- %k(4k2— 1)+ (2k+2-1)

= %k(4k2— 1)+ (2k+1)°

= Li@k+ 1) (2K 1)+ (2k+ 1)2
(2k+ 1)[k(2k— 1) + 3(2k+ 1)]
(2k+ 1)[2k2 — K+ 6k+ 3]
(2k+ 1)[2k2+ 5k+ 3}

(2k+ 1)(k+ 1)(2k+3)

(k + 1)(2k+ 3)(2k+ 1)

(k+ Df2(k+ 1)+ 2k + 1) - 1]

wWlkRPrWwPFRPWIFPWIRPWIRPWIRFPWIFPEP®

(k+ 1)[4(k +1)2- 1]

Therefore, summation formula is true whenk + 1

If the summation formula is true far=k , then it is shown to be true fdt+ 1
true for alln = 1andn 0 Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 7

Question:

Prove by the method of mathematical induction, the following statememt¥far

n
Y or=o"p
r=1

Solution:

1
n=1;LHS = Y 2" =2'=>
r=1
RHS =22-2=4-2=2
ASLHS = RHS, the summation formula is true fos 1

Assume that the summation formula is truerferk
k
ie. > 2 =212
r=1

With n = k + 1terms the summation formula becomes:

kilzr =244 22+ 2% > 42K 4 2L
= ZokHl_ 5 Skt

=202 -2

— 2](2k+1) -2

=rk+l_op

ZokHI+L_,

Therefore, summation formula is true wheak + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is tnue for , itis now

also true for aln > 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 8

Question:
Prove by the method of mathematical induction, the following statememt¥far
n n

r-1_4-1
r=1
Solution:

1

n=1;LHS = Y 4 1=4=1

r=1

RHS =4-1-3_4
3 3

ASLHS = RHS, the summation formula is true fos 1

Assume that the summation formula is truerferk

&K-1

k
ie. Y 471= .

r=1

With n = k+ 1terms the summation formula becomes:

k+1
z 4r—1 :40+41+42+ > +4k—1+4k+1—1
r=1

_ 41 34
3 3
K -1434
3
_4dH-1

3
_ddy-1
T3

~ 4k+1_ 1
3

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it is shown to be true fok+ 1
also true for aln = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 9

Question:

Prove by the method of mathematical induction, the following statememt¥far

n

Sr(ry=(+1)!-1

r=1

Solution:
1

n=1;LHS = > r(rH)=1(1H=1(1)=1
r=1

RHS =2!-1=2-1=1
ASLHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk

k
ie. dr(r!)y =(k+1)!'-1
r=1

With n = k+ 1terms the summation formula becomes:

k+1
dor(rl) =11H+22N)+3(3 N+ = +k(k!) +(k+1)[(k+1)1]
r=1
=(k+1)!-1+k+1)[(k+1)
=k+1)I+(k+[(k+1)1]-1
=(k+1)![1+k+1]-1
=k+1)!I(k+2)-1
=(k+2)!-1
=(k+1+1)!-1

Therefore, summation formula is true wheak + 1

Pagel of 1

If the summation formula is true far=k , then it is shown to be true fok+ 1 . As the result is tnue for , itis now

also true for aln = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 10

Question:

Prove by the method of mathematical induction, the following statememtifar

2n 1
> r2= En(Zn +1)(4n+1)
r=1

Solution:

2
N=1;LHS = Y r?=2+22=1+4=5
r=1

_1 =Ll -
RHS =2(1)B)®)= 5(15)=5

ASLHS = RHS, the summation formula is true fore 1

Assume that the summation formula is truerferk

2k 1
ie. Y r?= SK(@k+ 1Ak 1),
r=1

With n = k+ 1terms the summation formula becomes:

2(k+1) 2%k+2
r2= > 2 =12+ 224 Fr > +k2+ (2k+ 1)2 + (2k+ 2)
r=1 r=1

= %k(2k+ 1)(4k+ 1) + (2k+ 1)% + (2k + 2)2

= %k(2k+ 1)(4k+ 1) + (2k+ 1)2 + 4(k + 1)2

= %(2k+ D[k(4k+1)+3(2k+1)] +4(kk+ 1)2

WikRPrWFRPWIPFPWPWIRFRWIPRWIE

(2k+ 1)[4k2+ Tk + 3] + 4(k + 1)
(2k+ 1)(4k+ 3)(k+ 1) + 4(k + 1)
(k+ 1)[(2k+ 1)(4k+ 3) + 12 + 1)]

(k + 1)[8KZ+ 6K+ 4k + 3 + 12k+ 12]

(k + 1)[8K2 + 22k+ 15]

(k + 1)(2k+ 3)(4k+5)

(k+1)[2(k+ 1)+ 1][4(k+ 1) + 1]

Therefore, summation formula is true whenk + 1

If the summation formula is true far=k , then it is shown to be true fdt+ 1
true for alln = 1andn 0 Z* by mathematical inductic
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. As the result is true for
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Proof by mathematical induction
Exercise B, Question 1

Question:

Use the method of mathematical induction to prove the following statemenitifar
8" - 1is divisible by

Solution:

Letf(n) =8" -1, wheren O Z" .

0 f(1) = 81— 1 = 7, which is divisible by 7.

O f(n) is divisible by 7 whem =1 .

Assume that fon=k ,

f(k) = 8K - 1is divisible by 7 fok 0 Z* .

0 f(k+1) =g+1-1
=gkgl-1
=889 -1

0 f(k+1)-f(k) =[8(8)-1]-[8%-1]
=g@E)-1-8+1
=789

0 f(k + 1) = f(k) + 7(8)

As both fk) and7(8k) are divisible by 7 then the sum of these two terms must also be divisible by 7. Thergfere f(
divisible by 7 whem =k +1 .

If f(n) is divisible by 7 whem =k , then it has been shown thgti§(also divisible by 7 whem=k+1 . Asniis
divisible by 7 whem = 1, f(n) is also divisible by 7 for an = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 2

Question:
Use the method of mathematical induction to prove the following statemenitifar
3" - 1is divisible by ¢
Solution:
Letf(n) =32" -1, wheren 0 Z* .
0 f(1) =32 -1=9-1 =8, which is divisible by 8.
O f(n) is divisible by 8 whem =1 .
Assume that fon=k ,
f(k) = 3% - 1is divisible by 8 fok 0 z* .
0 f(k+1) =KD -1
_ k42 _y
=3 P21
=9(3%)-1

0 f(k+1) -f(k) =[9(3)-1]-[3%-1]
=@y -1-3%+1
= 8(3)

O f(k + 1) = f(k) + 8(3)

As both fk) and8(32k) are divisible by 8 then the sum of these two terms must also be divisible by 8. Thereiere f(
divisible by 8 whem =k +1 .

If f(n) is divisible by 8 whem =k , then it has been shown thti§(also divisible by 8 whem=k+1 . Asriis
divisible by 8 whem = 1, f(n) is also divisible by 8 for an = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 3

Question:
Use the method of mathematical induction to prove the following statemenitifar
5"+ 9" +2is divisible by «
Solution:
Letf(n) =5"+9"+2 wheren 0 Z" .
0 f(1) =5 + 9+ 2 = 5+9+2 = 16, which is divisible by 4.
O f(n) is divisible by 4 whem =1 .
Assume that fon=k ,
f(k) = 5K + 9% + 2is divisible by 4 fok 0 Z* .
0 f(k+1) =51k le2
=5 +okgl+2

= 5(5¢) +9(9) +2

O f(k+1) —f(k) =[5(5) +9(9K) +2] - [5% + 9K + 2]
=55) +9(9%) +2-5 -k -2
= 4(5F) +8(9%)
= 4[5* +2(9)

0 f(k+ 1) = f(k) + 4[5 + 2(9)¥]

As both fk) and4[5k + 2(9)k] are divisible by 4 then the sum of these two terms must also be divisible by 4. Therefore f
(n) is divisible by 4 whem =k+1 .

If f(n) is divisible by 4 whem =k , then it has been shown thti§(also divisible by 4 whem=k+1 . Asriis
divisible by 4 whem = 1, f(n) is also divisible by 4 for an = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 4

Question:

Use the method of mathematical induction to prove the following statemenitifar
2*" _ 1is divisible by 1!

Solution:

Letf(n) =2*" -1, wheren 0 Z* .

0 f(1) = 2*M -1 =16-1 = 15 which is divisible by 15.

O f(n) is divisible by 15 when=1 .

Assume that fon=k ,

f(k) = 2* - 1is divisible by 15 fok 0 z* .

0 fk+1) =286
_ Akt

=K A_1
= 16(2%) -1

0 f(k+1) —f(k) =[16(2%) -1]-[2%-1]
=16(F*)-1-2%+1
= 15(8)

O f(k +1) = f(k) + 15(&)

As both fk) and15(8k) are divisible by 15 then the sum of these two terms must also be divisible by 15. Thenefore f(
divisible by 15 whem =k +1 .

If f(n) is divisible by 15 when =k , then it has been shown tmt$(also divisible by 15 whem=k+1 . Ag(is
divisible by 15 whein = 1, f(n) is also divisible by 15 for an > 1andn 0 z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 5

Question:

Use the method of mathematical induction to prove the following statemenitifar
#""14 1is divisible by -
Solution:

Letf(n) =321+ 1 wheren 0 Z* .

0 f(1) = W14 1 =3+1=4, which is divisible by 4.
O f(n) is divisible by 4 whem =1 .

Assume that fon=k ,

f(k) = 31+ 1is divisible by 4 fok 0 Z* .

0 f(k+1) =32k D149
- 2k+2-1,
S AN 2
= 9(32k_1) +1

0 f(k+1)-f(k) = [9(32‘“1) + 1} —[32‘“1 + 1}
9(32"‘1) +1-3%1_q
= 8(32"‘1)

O f(k + 1) = f(k) + 8(32k‘1)
As both fk) and8(32k‘1) are divisible by 4 then the sum of these two terms must also be divisible by 4. Therefere f(
divisible by 4 whem =k +1 .

If f(n) is divisible by 4 whem =k , then it has been shown thgti§(also divisible by 4 whem=k+1 . Asniis
divisible by 4 whem = 1, f(n) is also divisible by 8 for an = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 6

Question:

Use the method of mathematical induction to prove the following statemenitifar
n3+6n2 + 8nis divisible by :

Solution:

Letf(n) = n3+6n2+8n, wheren>1 anah 0 z* .
0 f(1) = 1+ 6 +8 =15 which is divisible by 3.
O f(n) is divisible by 3 whem =1 .

Assume that fon=k ,

f(k) = k3+6k?+ 8k is divisible by 3 fok 0 Z* .

0 f(k+1) = (k+1)3+6(k+1)%+8(k+1)
= k3+ 3k2+ 3k + 1 + B(k2+ 2k + 1) + 8(k+ 1)
=k3+3k2+3k+1+6k%+12k+6+8k+8
= k3+ k2 + 23k + 15

0 f(k+1)—f(k) = [k3+9k2+ 23k + 15] - [k3+ 6k2 + 8K]
= 3k2+ 15k + 15
= 3(k2+5k +5)

0 f(k+1) = (k) +3(k2+5k+5)

Pagel of 1

As both fk) and3(k2+ 5k+5) are divisible by 3 then the sum of these two terms must also be divisible by 3.

Therefore ff) is divisible by 3 whem =k+1 .

If f(n) is divisible by 3 whem =k , then it has been shown thgti§(also divisible by 3 whem=k+1 . Asniis

divisible by 3 whem = 1, f(n) is also divisible by 3 for an = 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 7

Question:

Use the method of mathematical induction to prove the following statemenitifar
n3+5nis divisible by

Solution:

Letf(n) =n3+5n, wheren=1 and 0 Z* .

0 f(1) = 1+ 5 = 6, which is divisible by 6.

O f(n) is divisible by 6 whem =1 .

Assume that fon=k ,

f(k) = k3+5k is divisible by 6 fok 0 Z" .

0 f(k+1) = (k+1)%+5(k+1)
= k3+3k2+3k+1+5(k+1)
=k3+3k2+3k+1+5k+5
=k3+3k2+8k+6

O f(k+1)-f(k) =[k3+3k?+8k+6] - [k3+5K] Letk(k+1) =2mmO Z", as the
— 312+ 3K+ 6 product of two consecutive integers

must be even.
=3k(k+1)+6

=3(2m +6
=6m+6
=6(m+1)

O f(k+1) =f(k) + 6(m+ 1).

As both fk) andé(m+ 1) are divisible by 6 then the sum of these two terms must also be divisible by 6. Thereiere f(
divisible by 6 whem =k +1 .

If f(n) is divisible by 6 whem =k , then it has been shown thti§(also divisible by 6 whem=k+1 . Asriis
divisible by 6 whem = 1, f(n) is also divisible by 6 for an = 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 8

Question:

Use the method of mathematical induction to prove the following statemenitifar
2".3" — 1is divisible by 1

Solution:

Letf(n) = 2".3" -1, wheren 0 Z* .

0 f(1) = 223W -1 = 2(9)- 1 = 18- 1 = 17, which is divisible by 17.

O f(n) is divisible by 17 when=1 .

Assume that fon=k ,

f(k) = 2€.3 - 1is divisible by 17 fok 0 Z* .

0 f(k+1) =212k _q
= XM (@3)R-1
= X3 9) -1
= 18X ) -1

0 f(k+1)—f(k) = [18(%.32") - 1} —[2".32" - 1}
= 18X ) -1-K 341
=17(X.3%)

0 f(k+ 1) = f(k) + 17(%.3%)

Pagel of 1

As both fK) and17(f<.32k) are divisible by 17 then the sum of these two terms must also be divisible by 17.

Therefore f) is divisible by 17 when=k+1 .

If f(n) is divisible by 17 when =k , then it has been shown tmti$(also divisible by 17 whem=k + 1

. Agiis

divisible by 17 whem = 1,f(n) is also divisible by 17 formtt 1 and z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 9

Question:
fn)=13"-6" noz*.
aExpress fok 0 Z" f(k + 1) - 6f(k) in terms ofk, simplifying your answer.

b Use the method of mathematical induction to prove tin) is divisible by 7 for aln 0 Z*.

Solution:
a

flk+1) =13FF 1+l
=13 13 -6¢
=13(1%) - 6(6Y)

0 f(k + 1) - 6f(k) = [13(1?5) - e(ek)} - e[1é< - sk}

= 13(1%) - 6(6) - 6(13) + 6(6)
=701

bf(n)=13"-6", wherenO Z* .

O f(1) = 13" - 6' = 7, which is divisible by 7.
O f(n) is divisible by 7 whem =1 .
Assume that fon=k

f(k) = 13¢ - ¥ is divisible by 7 fok 0 z* .
From (a)(k + 1) = 6f(k) + 7(1%)

As bothéf(k) anc?(l’ok) are divisible by 7 then the sum of these two terms must also be divisible by 7. Tieyrefore is
divisible by 7 whem =k +1 .

If f(n) is divisible by 7 whem =k , then it has been shown fifmt is also divisible by 7nvhiem 1 f(n) isdivisible
by 7 whem =1 f(n) is also divisible by 7 foralb 1  amd Z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 10

Question:
g =5"-6n+8n02Z".
a Express fok 0 Z" g(k+ 1) - 25g(K) in terms ok, simplifying your answer.

b Use the method of mathematical induction to prove ti) is divisible by 9 for aln 0 Z*.

Solution:
a

gk+1) =52K*D _gk+1)+8
=K 2 _6k-6+8
= 25(5K) - 6k + 2

0 g(k+1)-25g(K = [25(52") — 6k + 2} - 25{52k —6k+ 8}

= 25(5K) - 6k + 2 - 25(5%) + 150k — 200
= 144-198

b
g(n) =5"-6n+8 wheren 0 Z* .

0 g(1) = 5° - 6(1) + 8 = 25— 6 + 8 = 27, which is divisible by 9.
O g(n) is divisible by 9 whem =1 .

Assume that fon=k

g(k) = 5% - 6k + 8 is divisible by 9 fok 0 Z* .

From(a), gk+1) =25gk) +144n-198
=25gK) +18(&h—11)

As both25gk) and8(&h-11) are divisible by 9 then the sum of these two terms must also be divisible by 9. Therefore
g(n) is divisible by 9 whem =k +1 .

If g(n) is divisible by 9 whem =k , then it has been shown ¢itat is also divisible by 9nwhiem 1 g(n)As is
divisible by 9 whem = 1 g(n) is also divisible by 9 foratt 1 and z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 11

Question:
Use the method of mathematical induction to proves" - 3" is divisible by 5 for aln 0 z".

Solution:

f(n) =8"-3", wheren0 2" .

O f(1) = 8- 3 = 5, which is divisible by 5.
O f(n) is divisible by 5 whem =1 .
Assume that fon=k ,

f(k) = 8¢ - 3¢ s divisible by 5 fok 0 z* .

0 f(k+1) =gktl-g+1
=gkg-3 4
= g(gk) - 3(3)

0 f(k+1)-3f(k) = [8(8“) - 3(é<)J - 3[8" - 3"}

= 8(8) - 3(F) - 3(84) + 3(F)
=58

From (a)(k + 1) = f(k) +5(8)

As bothf(k) anc$(8k) are divisible by 5 then the sum of these two terms must also be divisible by 5. Tiferefore is
divisible by 5 whem =k +1 .

If f(n) is divisible by 5 whem =k , then it has been shown ftmat is also divisible by 5nehiem 1 f(n) isdivisible
by 5 whem =1 f(n) is also divisible by 5 foralb 1 amd z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 12

Question:
Use the method of mathematical induction to prove32n+2 +8n-9is divisible by 8 for aln 0 Z*.
Solution:
f(n) = 322 +8n-9, wheren 0 Z* .
0 f(1) =PW*2481)-9
=3 +8-9=281-1 =80 Which is divisible by 8.
O f(n) is divisible by 8 whem =1 .
Assume that fon=k ,
f(k) = 3%*2 + 8k - 9iis divisible by 8 fok 0 Z* .

flk+1) =32& D2 g1+1)-9
= @K 22 g+ 1) -9
=32 (21 gk+8-9
=9(3%*2) +gk-1

0 f(k+1)-f(k) = [9(32'”2) +8k- 1} - [32'“2 +8k- 9}

=9(@**2) +8k-1-3%+2_gk+9
=832 +8

= 8[32“2 + 1}
O f(k+1) = f(k) + 8[32'“2 + 1}

As bothf(k) an@{32k+2 + 1} are divisible by 8 then the sum of these two terms must also be divisible by 8. Tiieyrefore
is divisible by 8 whem =k+1 .

If f(n) is divisible by 8 whem =k , then it has been shown fitmt is also divisible by 8nvhiem 1 f(n) isdivisible
by 8 whem =1 f(n) is also divisible by 8 foralb1  amd Z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 13

Question:

Use the method of mathematical induction to prove2® + 3°"~2 is divisible by 5 for aln 0 Z".
Solution:

f(n) = 26"+ 322 wheren 0 7+ .

0 f(1) = 28M+ 32M-2 = 6 4 P = g4+ 1 = 65 which is divisible by 5.

O f(n) is divisible by 5 whem =1 .

Assume that fon=k ,

f(k) = 25K + 3%=2js divisible by 5 fok 0 Z* .

0 f(k+ 1) — 26(k+l) +32(k+1)—2
— 26k+6 + 32k+2—2

= F() + P(7?)
= 64(2%) + o2

0 fk+1)-f(k) = [64(26k) + 9(32‘“2)} - [26'< + 32k‘2}
6 4(26k) N 9(32k—2) _ ok _ g2
= 63(2%) + 832
= 63(2%) + 63(3%2) - 55(3*2)
_ 6{26k . 32|<—2} _ 55(32k—2)
O f(k+1) =f(k)+ 6{2‘Sk N 32k‘2} - 55(32"‘2)
= f(K) + 63f(k) - 55(32k‘2)

= 64f(K) - 55(32'<‘2)
O f(k+1) = 64f(k) - 55(32'<‘2)
As both 64f k) and—55(32k‘2) are divisible by 5 then the sum of these two terms must also be divisible by 5. Therefore
f(n) is divisible by 5 whem =k +1 .

If f(n) is divisible by 5 whem =k , then it has been shown fitmt is also divisible by 5Snehiem 1 f(n) isdivisible
by 5 whem =1 f(n) is also divisible by 5 foralb 1 amd z* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 1

Question:

Given thatu,,1 = 5u, + 4, U = 4, prove by induction that, =5"-1 .
Solution:

n=1uy= 5-1=4 as given.

n =2 uy =5 -1=24, from the general statement.

anduy = 5u; + 4 = 5(4) + 4 = 24, from the recurrence relation.

Sou, is true when =1 and also true when2

Assume that fon=k thaty =5-1 is true fior1 z*

Then uq =5u+4
=5(s-1) +4

=5*1-544
=51l

Therefore, the general statementz 5" - 1 is true whek + 1

If upis true whem =k , then it has been shown that 5" - 1 is also true whén- 1
thenu, is true forath>1 and0z* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 2

Question:

Given thalu,.1 = 2un +5, 1 = 3, prove by induction that, = 2"*?-5 .

Solution:

n=1u=2*2-5=8-5=3 as given.

n=2up= 2*-5=16-5= 11, from the general statement.
andu, = 2u; +5 =2(3) + 5 = 11, from the recurrence relation.
Sou, is true when =1 and also true when?2

Assume that fon=k thaty = 2*2-5 s true fior Z*

Thenug, =2u+5
= 2(2"‘“2 - 5) +5

=2k*3_10+5
_ok+1+2

Therefore, the general statemegtz 2"*2-5 s true whek + 1

If unis true whem =k , then it has been shown that 2"*? -5 is also true mhérr 1 upy. As
n=2, thenu, istrue forah =1 and0Zz* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 3

Question:

Given that,,1 = 5u, - 8, Uy = 3, prove by induction that, =5""1+2 .
Solution:

n=1u=51+2=1+2=3 as given.

n=2up= 5 14+2=5+2=7 from the general statement.
andu, = 5w -8 = 5(3) - 8 = 7, from the recurrence relation.

Sou, is true when =1 and also true when?2

Assume that fon=k thaty, =5"1+2 s true for z*

Then ugq =5u—8
- 5(5"‘1+ 2) -8
=11, 10-3

=542
_ k11, o

Therefore, the general statemeptz 51 +2 is true wheR + 1

If unis true whem =k , then it has been shown that 5" 1+ 2 is also true whé&r1  up. As
n=2, thenu, istrue forah =1 and0Zz* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 4

Question:

n _
Given thatu,+1=3u, + 1, u; = 1, prove by induction that, = % .

Solution:
n:],ulz%:zzlasgiven.
n=2upy= Tl = % = 4, from the general statement.

anduy = 3w +1 = 3(1) + 1 = 4, from the recurrence relation.

Sou, is true when =1 and also true when?2

K _
Assume that fon=k thaty = % is true flor) Z*

Thenug1 =3u+1

:{§_1+1
2

_ (3(3“)-3}3

2 2

_FHl_340
2
FHlg

2

N-1

Therefore, the general statements is true whek + 1

n_
If upis true whem =k , then it has been shown that % is also true whér 1 up. As

thenu, is true forath =1 and0Zz* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 5

Question:
Given thatl,,o = 5up41 - 6Uy, U =1, uy = 5prove by induction that, =3"-2" .
Solution:
n=1uy= 3-2'=3-2=1as given.
n=2uy=3-22=9-4=5 as given.
n=3uz= 3% - 28=27-8=19 from the general statement.
andug = 5u, - 6uy = 5(5) - 6(1)

=25-6 =19, from the recurrence relation.
Sou, istrue when=1n=2 and also true when3
Assume that fon=k and=k+1 ,
bothy, = 3 - 2X andy,; = - 2X*Lare true fok 0 z*

Then uc+p = SUc+q~6U

:5(3k+1_2k+1)_ 6(3k_2k)

o(37) -5(2) -o(3) +o(2)
s(37%) -5(2%) ~2(#)(#) +o(2)(2)
5(é<+1) 5(2k+1) 2(3k+l) +3(2k+l)
3(é<+1) 2(2k+1)

=(#)(F)-()()

= g+ _ k2

Therefore, the general statementz3"-2"  is true whek + 2

If uyis true whem=k and=k+1 then it has been shownupat3" - 2" is also truenshien?2
n=1n=2andn=3, them, istrueforal>1 amndlz* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 6

Question:

Given thatin» = 641 - 9uy,, Uy = -1, up = 0, prove by induction that, = (n-2)3""L1
Solution:

n=1u=(1-23"1=(-1)(1)=-1 as given.

n=2uy=(2- 2)32_1 = (0)(3)=0, as given.

n=3uz=(3-2)3>"1=(1)(9)= 9, from the general statement.

and uz = 6uy—9u = 6(0)—9(-1)
=0--9 =9, from the recurrence relation.

Sou, istrue when=1,n=2 and also true whnen3
Assume that fon=k anad=k+1 |,

bothy, = (k-2)3F1

andug, = (k+1-2)F 11 = k-1)F are true fok 0 Z* .

Then Ugrp = 6Usq -
= 6((k - 1)3“) - 9((k - 2)é“1)
= 6(k- 1)(3“) - 3(k- 2).3(3“‘1)
= 6(k- 1)(3*) - 3(k- 2)(3‘<‘1+1)
= 6(k- 1)(é<) —3(k- 2)(3'<)
- (3k)[6(k ~1)-3(k-2)]
- (3k)[6k— 6-3k+6]
= 3k(3)
_ k(3k+1)
= (k+2-2)(3+27)

Therefore, the general statements= (n- 2)3”'1 is true whem=k+2 .

If unis true whem=k and=k+1 then it has been shownuhat(n - 2)3"tis also true when=k+2
forn=1,n=2andn = 3, then, is true for aib1 andn 0 z* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 7

Question:

Given thatn, o = 7up+1- 10U, Uy = 1, up = 8, prove by induction that, = 2(5"%) - 2"
Solution:

n=,Luw= 2(50) —(20) =2-1=1,as given.

nNn=2uy= 2(51) - (21) =10-2=8,as given.

n=3uz= 2(52) - (22) =50-4 = 46, from the general statement.

anduz = 7ux—10u = 7(8)—10(1)
=56-10=46, from the recurrence relation.

Sou, istrue when=1,n=2 and also true when3
Assume that fon=k anad=k+1 |,

bothy, = 251 - k1

andugq = 2(5 17 - K+ 1-1- 289 - K are true fok 0 Z* .

- 7(2(é<) - 2k) - 1o(2(é<‘1) - 2k‘1)

= 14(5") - 7(2") - 2o(5"‘1) + 10(2"‘1)
=14(3) - 7(2) - (3)(s"7) +5(2)(27)
-1 4(5k) _ 7(2k) _ 4(5k—1+1) + 5(2k—1+1)

= 14(5") - 7(2") - 4(5") ¥ 5(2")
-G

- o541) - (244

_ 2(5k+2—l) _ (2k+2—l)
Therefore, the general statemeqtz 25" %) - 2" Lis true whem =k +2 .

If upis true whem=k and=k+1 then it has been shownuhat2(5"%) - 2" Lis also true when=k+2 . As, is true
forn=1,n=2andn = 3, then, is true for aib1 andn 0 z* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 8

Question:

Given thatly,o = 6up+1—- U, U =3, Uy = 36, prove by induction that, = (3n - 2)3".
Solution:

n=1u = (3(1)-2)(3) = (1)(3) = 3, as given.

n=2;up = (3(2)- 2)(F) = (4)(9) = 36, as given.

n=3u3=(3(3)- 2)(33) = (7)(27) = 189 from the general statement.

and uz = 6uy—9uy = 6(36)— 9(3)
=216-27 =189, from the recurrence relation.

Souy, is true when=1,n=2 and also true wien3

Assume thatfon=k and=k+1 ,

bothuy, = (3k-2)(&)

andu,.1 = (3(k+1) - 2)(3*Y) = 3k + 1)@*) are true fok 0 Z* .

Then ug+p =61~ 9
= 6((3k + 1)(3‘<+1)) - 9((3k - 2)(3“))
= 6(3K+ 1)31(3k) —9(%- 2)(3“)
= 18(+ 1)(3*) ~9(x-2)&)
- 9(é<)[2(3k+ 1)-(3k-2)]
- 9(é<)[ek+ 2-3Kk+2]
- 9(é<)[3k +4]
- 32(é<)[3k +4]
= (3k+4)(3?)
= (3(k+2)-2)(3*?)

Therefore, the general statements (3n-2)3" is true whem =k +2 .

If upis true whem=k and=k+1 then it has been shownuhat(3n-2)3"is also true when=k+2 . Ag, is true for
n=1,n=2andn = 3, them,, is true for a1 andn 0 z* by mathematical induction.
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Proof by mathematical induction
Exercise D, Question 1

Question:
Prove by the method of mathematical induction the following statememtfar*
(1 2)”: (1 2n)
01 01
Solution:
1
n=1:LHS :(é i) :(é i)

a3 -1

AsSLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

e (390

With n = k+ 1the matrix equation becomes

(97606
01 0 1/ \0 1
626 2

0 1)\0 1

:(1+0 2+2k)

0+0 0+1)

:(1 2(k+ 1)]
0 1

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shown to be true fok + 1 . As the matrix equation is truelfar is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise D, Question 2

Question:
Prove by the method of mathematical induction the following statememtfar*
(3 —4)” _ (2n+1 ~4n )
1 -1 n  -2n+1
Solution:

1
—1- _(3 4Y _(3 4
= = (2 )= (3 )

_(2m+1 -4(1) ) _ ( -4)
RHS _[ 1 -2)+1) " \1 -1
AsSLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

o (3 —4)k:(2k+1 4k )
\1 1 Kk -2k+1f

With n = k+ 1the matrix equation becomes

(3 —4)'“1 =(3 —4)"(3 —4)
1 -1 1 -1/ \1 -1
:(2k+1 -4k )(3 —4)
k —2k+1\1 -1
:(6k+3—4k —8k—4+4k)
3k-2k+1 —-4k+2k-1
:(2k+3 —4k—4)
k+1 -2k-1
_(2(k+1)+1 -4(k+1)
Tl (k+1)  —2(k+1)+1

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shown to be true fok + 1 . As the matrix equation is truelfar is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise D, Question 3

Question:

Prove by the method of mathematical induction the following statememtfar*
(2 0)” (2" o
11 2"-11
Solution:
2 0)'_(2 0
-t -(2 9= (2 9)
2 o) (2 o)
RHS = =
[21— 11 \11
AsSLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

ie.(2 0)k:[ 2 0
LU (k-1

With n = k+ 1the matrix equation becomes
SRR
11 11/\11
:( 2 o](z o)
k-1 )\ 1

:[ 2 +0 o+o]

2(F)-2+1 0+1

_( 229 0]
C&K-11

2k+1 0
:(2k+1_1 1]

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shown to be true fok + 1 . As the matrix equation is truelfar is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise D, Question 4

Question:
Prove by the method of mathematical induction the following statememtfar*
(5 —8)” _ (4n+ 1 -8n )

2 -3 2n 1-4n

Solution:

1
—1- _(5 -8y _(5 -8
n=ss =(3 )= (5 )

_(4D+1 -8(1) \_{(5 -8
RHS _[ 2(1) 1—4(1)]_(2 —)

AsLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

ie (5 —8)k=(4k+1 -8k
"\2 -3 2k 1-4k/)

With n = k+ 1the matrix equation becomes

RN
2 -3 2 -3/ \2 =
:(4k+1 -8k j(s —8)
2k 1-4k)\2 -3
:(20k+5—16k -32k - 8+ 24k
10k+2-8k -16k—-3+12
:(4k+5 —8k—8)
2k+2 —4k-3

_(Ak+1)+1 -8(k+1)
Tl 2(k+1) 1-4(k+1)

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shown to be true fok + 1 . As the matrix equation is trgelfar is

now also true for an>1 andn O Z* by mathematical inductio
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Proof by mathematical induction
Exercise D, Question 5

Question:

Prove by the method of mathematical induction the following statememtfar*

FRA

Solution:

1
—1- (2 5y _(25
=sis =2 9= (29

RHS = [21 5(2 - 1)] (0 1)

ASLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

e (2 i)k - [20" 5(2‘1— 1)]

With n = k+ 1the matrix equation becomes
(2 5)k+1 (2 5)k(2 5)
0 1, 0 1,

2K +0 5(é<) +5(2K - 1)}
0+0 0+1

-5
|
[21( ) 5(é<)+5(2") 5]
|
%

0

ok+1 5(21)(2k) 5]
0

o+l 5(é<+l) 5]

_ [2‘”1 5(2”1— 1)]

0 1

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shown to be true fok + 1 . As the matrix equation is truelfar is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 1

Question:
Prove by induction th" - 1is divisible by 8 fon 0 Z*.
Solution:
Letf(n) =9" -1, wheren O Z" .
O f(1) = 9t - 1 = 8, which is divisible by 8.
O f(n) is divisible by 8 whem =1 .
Assume that fon=k ,
f(k) = 9¥ - 1is divisible by 8 fok 0 Z* .
O fk+1) =9k*1-1
=okg-1

=99 -1

0 f(k+1) -f(k) =[9(95) -1]-[9%-1]
=9y -1-9+1

=8(9)
O f(k + 1) = f(k) +8(9X)

As both fk) and8(9k) are divisible by 8 then the sum of these two terms must also be divisible by 8. Therefere f(
divisible by 8 whem =k +1 .

If f(n) is divisible by 8 whem =k , then it has been shown thti§(also divisible by 8 whem=k+1 . Asriis
divisible by 8 whem = 1, f(n) is also divisible by 8 for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 2

Question:

The matrixB is given byB = (é g) .

aFindB? ands® .
b Hence write down a general statement&®r  pfarz*

¢ Prove, by induction that your answer to b is correct

Solution:

2_ _f1 o\f1 o\_(1+0 0+0Y_(1 O
B”=BB ‘(o 3)(0 3)‘(o+o o+9)‘(o 9)

83=-82 :(1 O)(l o):(1+o o+o):(1 o)
0 9/\o 3/ "\o+0 0+27/ "\o 27

b AsB?= (3 :(:Zj andss = [(1) 3%] , we suggest thalt = (é ;j

1
—1- (1 0y _(10
v=ss =(2 9= (2 9

s <3 349

As LHS = RHS, the matrix equation is true for= 1

Assume that the matrix equation is truerferk

(39 %

With n = k+ 1the matrix equation becomes

(37696
0 3 0 3/ \0 3
_(1 0 (1 0)
“lo FN\0 3
_(1+0  0+0
“lo+0 0+3(F)
(1 0
“lo 1
Therefore the matrix equation is true whenk + 1
If the matrix equation is true fin =k, then it is shown to be true fn = k+ 1 As the matrix equation is true fn = 1, it is
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now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 3

Question:

n
Prove by induction that for0 z* , th3t (3r +4) = %n(Sn +11).
r=1
Solution:

1
n=1LHS = > Br+4) =7
r=1

RHS = %(1)(14): %(14) =7
ASLHS = RHS, the summation formula is true fos 1
Assume that the summation formula is truerferk
K 1
ie. > (Br+4)= Ek(3k+ 11).
r=1
With n = k + 1terms the summation formula becomes:
k+1

> (Br+4) =7+10+13+=+(3k+4)+(3(k+1)+4)
r=1

k(3k+11)+ (3(k+1)+4)

k(3k+11)+ (3k+7)

[k(3k+11)+2(3k+7)]

[3k2+ 11k + 6k + 14]

[3k2+ 17k + 14]

(k+1)(3+14)

NP NP NP NRNR NP NP

(k+1)[3(k+ 1) +11]

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it is shown to be true fok+ 1
also true for aln > 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 4

Question:
A sequencey, Uy, ug, Uy, 2 is defined byunsq=5u,-3@2", uy=7.
a Find the first four terms of the sequence.

b Prove, by induction fan 0 z* , thap, = 5" +2"

Solution:

aup+1 = 5up - 32"

Given,u;=7.

Up = 5up - 3(2%) = 5(7) - 6 = 35— 6 = 29

Uz = 5Up — 3(2) = 5(29) - 3(4) = 145- 12 = 133

Uy = 5u3— 3(2%) = 5(133)- 3(8) = 665- 24 = 641

The first four terms of the sequence are 7, 29, 133, 641.
b

n=1u=5+2=5+2=7 as given.

n=2 uy=5+22=25+4=29 from the general statement.
From the recurrence relation in part (&)= 29

Sou, is true when =1 and also true when2

Assume that fon=k y, = 5<+2¢ s true farg z*

Then ugq =5uK - 3(é<)
= 5(5¢ + 2¢) - 3()
= 5(5) + 5(2) - 3(X)

= 5(5¢) + 2424
_ kL, Skl

Therefore, the general statemept=5"+2" s true whek + 1

If u,is true whem =k , then it has been shown that 5" + 2" is also true mhénr- 1
thenu, is true forath>1 and0z" by mathematical induction.
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Proof by mathematical induction
Exercise E, Question 5

Question:
The matrixA is given byA = (_94 }?)

; ; —(8n+1 16én +
a Prove by induction that" = ( Can 1_8n) fornOz*.

The matrixB is given byB = (A1

b Hence findB in terms oin.

Solution:
a
n=1LHS = (_94 }?)1: (_94 }?)
s <25 20109

AsLHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

ie (9 16)k=(8k+1 16k
" \-4 7 -4k 1-8k/)

With n = k+ 1the matrix equation becomes

(9 16)k+l :(9 16)k(9 16)
-4 -7 -4 -7) \-4 -7
:(8k+1 16k j(g 16)
-4k 1-8k\-4 -7
=(7Z<+9—64k 12&+16-11%
-36k—4+3% -64k-7+56K
_(8k+9 16k+16)

-4k-4 -8k-7
_(8(k+1)+1 16(k+1)
T -4k+1) 1-8(k+1)

Therefore the matrix equation is true whmenk + 1

If the matrix equation is true for=k , then it is shown to be true fok + 1
now also true for ath>1 andOz* by mathematical induction.

b
det(A) = (8n+1)(1-8n) - —64n2

=8n-64n2+1-8n+64n2
=1

PhysicsAndMathsTutor.com
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—_(an-1_1(1-8n -16n
B=(A) _1( 4n 8n+1)

_(1-8n -16n
SOB_( 4n 8n+1)
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Proof by mathematical induction
Exercise E, Question 6

Question:
The function f is defined bign) = 52141 wheren O zZ" .
a Show that(n + 1) -f(n) = p (*" 1), whereu is an integer to be determined.

b Hence prove by induction than) is divisible by €

Solution:

a

f(n + 1) - 52(n+1)_1+ 1
=g2n+2-1, ¢

=154
=25F" Y +1

0 f(n+1)-f(n) = [25(52”‘1) + 1} -5 14

=253 Y4151
=247

Thereforeu =24 .

bf(n)=5""1+1 wheren 02" .

7 f(1) = 2141 =5+ 1 =6 which is divisible by 6.
7 f(n) is divisible by 6 whem =1 .

Assume that fon=k ,

f(k) = 521+ 1is divisible by 6 fok 0 Z* .

Using (a)f(k + 1) - f(k) = 24(5% 1

T f(k+ 1) = f(k) + 243X

As both fk) and24(52k‘1) are divisible by 6 then the sum of these two terms must also be divisible by 6. Therefere f(
divisible by 6 whem =k +1 .

If f(n) is divisible by 6 whem =k , then it has been shown thti§(also divisible by 6 whem=k+1 . Asniis
divisible by 6 whem = 1, f(n) is also divisible by 6 for an = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 7

Question:
Use the method of mathematical induction to prove7" + 4" + 1is divisible by 6 for aln O Z™.

Solution:

Letf(n)=7"+4"+1 wherenO Z" .

0 f(1) = 72+ 4"+ 1 =7+ 4+ 1= 12 which is divisible by 6.
O f(n) is divisible by 6 whem =1 .

Assume that fon=k ,

f(k) = 7% + 4 + 1is divisible by 6 fok 0 Z* .

0 f(k+1) =7 1edktlig
=K dn
= 7(7) + 44 +1

0 f(k+1)—f(k) =[7(75)+4&)+1] - [7K+ 4 +1]
=7(F) +ady+1-7K -4 -1
= 6(7X) + 3(4¥)
= 6(7) +3(47H.4
= 6(7%) + 1247}
= 6[7% + 24"}

0 f(k+ 1) = f(k) + 6[7€ + 24K Y
As both fk) and6[7k + 2(4)"'1] are divisible by 6 then the sum of these two terms must also be divisible by 6.
Therefore ff) is divisible by 6 whem =k+1 .

If f(n) is divisible by 6 whem =k , then it has been shown thgti§(also divisible by 6 whem=k+1 . Asniis
divisible by 6 whem = 1, f(n) is also divisible by 6 for an = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 8

Question:

. . 3up-1
A sequencey, up, ug, Uy, 2is defined byu,4q = u'll , =2

a Find the first five terms of the sequence.

3 n
b Prove, by induction fan 0 z* , thap, = 4(2) -1
Solution:

_3up-1
a.Un+1— 4 .

Given,u; =2

_3w-1_3@2)-1_5

4 4 4 16
() x
3uz-1 16 16 _ 17
py=——:=——"—=="="
4 4 4 64
3(17) B 13
_3wy-1_°\eaa _ 64 __13
Us = = =— =
4 4 4 56
The first five terms of the sequence aré,, E, E,—l—B.
4’16’ 64’ 256

b
3\ .
n= l;u1=4(z) -1=3-1=2, as given.
3\? 9 5
n=2uy= 4(2) —l=2-1=7 from the general statement.

From the recurrence relation in part (&)= %

Sou, is true when =1 and also true when?2

k
Assume that fon=k y = 4(%) -1is true fork 0 Z™* .

PhysicsAndMathsTutor.com
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Then w41

n
Therefore, the general statements 4(%) -1is true whem=k+1 .

n
If uyis true whem =k , then it has been shown that 4(;) -1lis also true when=k+1 . As, istruefor1 and

n=2, thenu, is true forah>1 and0z* by mathematical induction.
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Proof by mathematical induction
Exercise E, Question 9

Question:

A sequencey, up, g Uy, > is defined by, = 3" + 72",

a Show thaty, 1 - 9u, = 2(7%7%), wherel is an integer to be determined.

b Hence prove by induction that is divisible by 8 for all positive integers
Solution:

a

- 32(n+1) + 72(n+1)—1
- 32n(32) + 72n+2—1
=332 + 72" Y79
= 9(32") +49(7"7Y

Un+1

0 Uneg=9uy =[9(3%") +49(72" b - 932" + 72N7Y
= 9(") +49(7P"Y - 93" - 97"}
= 40(7"7Y)

Therefore/ =40 .

bu,=3"+72""1 wheren0Z" .

0 u =2 -720"1-32 7L = 16 which is divisible by 8.
O up is divisible by 8 whem =1 .

Assume that fon=k ,

u, = 3 + 7% Lis divisible by 8 fok 0 Z* .

Using (a) U1 - 94, = 40(72K~Y)
72k-1)

O ug+1 = 9uy +40(

As both9uy andio(7<"Y are divisible by 8 then the sum of these two terms must also be divisible by 8. Therefore s
divisible by 8 whem=k+1 .

If unis divisible by 8 whem =k , then it has been showndhat is also divisible by 8nvhem 1 u,. As s divisible by
8 whenn = 1 u,, is also divisible by 8 for al>1 andiz* by mathematical induction.
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Proof by mathematical induction
Exercise E, Question 10

Question:

Prove by induction, for all positive integarsthat
(1x5)+(2x6)+(3x7)+ = +n(n+4) = %n(n +1)(2n+13)
Solution:

The identity(1x 5)+ (2 x 6) + (3x 7)+ = +n(n + 4) = %n(n +1)(2n+13)

n
can be rewritten a3’ r(r +4) = %n(n +1)(2n +13).
r=1

1
n=1;LHS = z r(r+4)=1(5)=5
r=1

_1 1
RHS = <(1)(2)(15)= 5(30)=5

As LHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk

K
ie. 3 r(r+4)= %k(k+ 1)(2 +13),
r=1

With n = k + 1terms the summation formula becomes:

k+1
Sor(r+4) =1(5)+2(6)+3(7)+ = +k(k+4) + (k+ 1)(k+5)
r=1

= L+ 1)(2k+ 13) + (k+ 1)(k+5)

(k+ 1)[K(2k + 13) + 6(k+ 5)]
(k+1)[2k2 + 13k + 6k + 30]

(k+ 1)[2k2+ 19k + 30]

ol olk ol ol ol o

(k+ 1)(k+2)(2k + 15)

(k+1)(k+1+1)[2(k+1)+13]

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it is shown to be true fok+ 1
also true for aln > 1andn O z* by mathematical inductic
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